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1. INTRODUCTION 
Zadeh’s classical paper [S J of 1965 introduced the concepts of fuzzy sets 
and fuzzy set operations. Foster [2] combined the structure of a fuzzy 
topological space with that of a fuzzy group (introduced by Rosenfeld [4]) 
to formulate the elements of a theory of fuzzy topological groups. We 
extend some of Foster’s results on homomorphic images and inverse 
images to fuzzy right-topological semigroups. 
2. PRELIMINARIES 
Let X be a set and I= [0, 11. A fuzzy set A in X is characterized by a 
membership function pLa :X -+ I. 
DEFINITION 2.1. Let A, B be fuzzy sets in X. Then: 
(1) A=B-p,(x)=pc,(x) VXEX. 
(2) AcB+pA(x)<pB(x) VXEX. 
(3) C=AuBop,(~)=max{p,(x),p~(x)} VXEX. 
(4) D= AnBo~~(x)=min{p,(x), pB(x)} VXEX. 
Let X be a semigroup (i.e., a set closed under binary composition 
denoted multiplicatively which is associative). Rosenfeld in 143 formulated 
the elements of a theory of fuzzy groups. We apply his results to the 
semigroup setting. 
DEFINITION 2.2. (1) A fuzzy set A is a fuzzy semigroup in X if for 
x, Y E X PAXY) >minb,(x), PAY)). 
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(2) A fuzzy set B is a fuzzy left, right, or two-sided ideal, respectively, 
in X if 
P&Y) 2 I-LB(Y)3 
P&Y) b PAX), vx, y E x. 
P&Y) 2 maxb&), Pi), 
The next result follows immediately from [4]. 
PROPOSITION 2.3. Let A be a fuzzy set in X such that uLA(x) =q5,Jx), 
where dA is the characteristic function of A c X. Then A is a fuzzy 
semigroup, right ideal, left ideal, or ideal, respectively, iff A is a semigroup, 
right ideal, left ideal, or ideal. 
PROPOSITION 2.4. The n of any set of fuzzy semigroups is a fuzzy 
semigroup. 
PROPOSITION 2.5. The 0 or U of any set offuzzy left, right, or two-sided 
ideals, respectively, is a fuzzy left, right, or two-sided ideal. 
3. EXISTENCE OF ONE-SIDED IDENTITY 
We now consider fuzzy conditions which will allow for the existence of a 
one-sided identity for a semigroup X. We recall that a semigroup is called 
left (resp. right) simple if it contains no proper left (resp. right) ideals. 
However, Rosenfeld in [4] proved that if X is a group then the only 
fuzzy (left, right) ideals are those whose membership functions are the 
constant functions. This leads us to 
DEFINITION 3.1. A semigroup X is fuzzy (left, right) simple if every 
fuzzy (left, right) ideal is a constant function. 
LEMMA 3.2 (Kuroki [3]). A semigroup X is simple zff X is fuzzy simple. 
We immediately obtain from [ 1, Lemma 1.261 that 
PROPOSITION 3.3. Let X be a semigroup and e be an idempotent in X. If 
X is fuzzy left (resp. right) simple then e is a right (resp. left) identity. 
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4. TYPES OF INVARIANCE 
DEFINITION 4.1. (a) Let X be a semigroup and define for each t E X 
the mappings 
p,: x+x, where p,(x) = xt VXE X 
A,: x+x, where I.,(x) = tx Vx E X. 
(b) Let A be a fuzzy set in X with membership function pA and let 
t E X. Define R,pLA = pu, 0 pr, L,pA = p(A 0 2,. 
(c) A subset MC 9 (the lattice of fuzzy sets) is right (req. left) 
translation invariant if R,Mc M (resp. L,Mc M). 
PROPOSITION 4.2. The set of fuzzy left (req. right) ideals is right (req. 
left) translation invariant. 
Proof: We prove the left case. Let A be a fuzzy left ideal in X with pLa, 
membership function. Then 
R,P,&Y) = P,~(xY) t) 
= PAX(Yf)) 
hence, R,pA is a fuzzy left ideal. 
The second type of invariance involves functions on fuzzy sets (see 
cz 41). 
DEFINITION 4.3. Let f be a mapping from the set X to the set Y. Let B 
be a fuzzy set in Y with membership function pe. The inverse image of B, 
denoted f -’ [B], is the fuzzy set in X with membership function 
I+Qz]b) = pll(f (x)) vx E X. c onversely, let A be a fuzzy set in X with 
membership function pLA. Then the image of A, denoted f [A], is the fuzzy 
set in Y such that 
sup CL&)? if f-l(y)={x:f(x)=y}isnon-empty, 
CL/CA,(Y) = 
1 
zEf -l(y) 
0, otherwise. 
DEFINITION 4.4. Let G be a fuzzy semigroup in a semigroup X. Then G 
is f-invariant if f (x,) =f(x,) iff, j&x1) = pc(x,) Vx,, x2 e X. 
This invariance concept will be used in the main results. 
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5. THE MAIN RESULTS 
DEFINITION 5.1. A fuzzy topology on a set X is a familyr of fuzzy sets 
in X such that 
(i) Vc E Z, k,. E y-, where k,. have constant membership functions, 
(ii) A, BE~*A n BEF, 
(iii) A,E.y VjJjE*U,EJAiE~. 
The pair (X, y) is called a fuzzy topological space and members of .y 
are open fuzzy sets. 
DEFINITION 5.2. Let A be a fuzzy set in X and y a fuzzy topology on 
X. Then the inducedfuzzy topology on A is the family of fuzzy subsets of A 
which are the intersections with A of y-open fuzz sets in X. Denote by FA 
the induced fuzzy topology, and by the pair (A, yA) the fuzzy subspace of 
(X, F). 
DEFINITION 5.3. Let (X, y), (Y, a) be two fuzzy topological spaces. A 
mapping f of (X, y) into (Y, @) is fuzzy continuous if for each open fuzzy 
set V in @ the inverse image fP ’ [V] is in 5. 
DEFINITION 5.4. Let (A, TA), (B, eB) be fuzzy subspaces of fuzzy 
topological spaces (X, 5) and ( Y, %!), respectively, and let f be a mapping 
(X, y) + (Y, @). Thenfis a mapping of (A, yA) into (B, er,) iff[A] c B. 
Furthermore, f is relatively fuzzy continuous if for each open fuzzy set V’ in 
aB, the intersection f -’ [ V’] n A is in FA. 
Foster in [2] has formulated results for fuzzy topological groups. We 
extend these results to the more general case: 
DEFINITION 5.5. Let X be a semigroup and y a fuzzy topology on X. 
Let G be a fuzzy semigroup in X with induced topology &. Then G is a 
fuzzy right-topological semigroup in X iff for each s E X, the mapping 
P,~:x -+ xs of (G, FG) + (G, &) is relatively fuzzy continuous. 
THEOREM 5.6. Given semigroups X, Y and a homomorphism f: X -+ Y, let 
~42 be the fuzzy topology on Y and Jo be the fuzzy topology on X such that 
F =f ~’ [a]. Let G be a fuzzy right-topological semigroup in Y. Then 
f ~ ‘[G] is a fuzzy right-topological semigroup in X. 
Proof. We must show that the mapping pS: x -+ xs of f-l [G] -+ 
f ~ ‘[G] is relatively fuzzy continuous. Let u’ be an open fuzzy set in 
.9-lIc, on f ’ [G]. Note that since f is a fuzzy continuous mapping from 
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(X, 9) + (Y, a), it is a relatively fuzzy continuous map of (f-‘[G], 
+lCGI) into (G, 9!.$). Note also that there exists an open fuzzy set V’ E & 
such thatfP1[V’] = U’. 
The membership function of p; l[ U’] is given by 
Ilp;yrY,(x) = PU’CP+(X)I 
= Pugh) 
= P.p[v,(xs) 
= P v(f(XS)) 
= P vf(x)f(s). 
But 
By hypothesis the mapping pI: y -+ yt of (G, %!G) + (G, ac) is relatively 
fuzzy continuous. Hence, p;‘[V] nf-‘[G] =f -‘[ph,:[ V’]] nf -‘[Cl is 
open in the induced fuzzy topology on f-‘[G]. 
THEOREM 5.7. Given semigroups X, Y and a homomorphism f of X onto 
Y, let F be the fuzzy topology on X and 9 be the fuzzy topology on Y such 
that f(F) = 92. Let G be a fuzzy right-topological semigroup in X. If the 
membership function pG of G is f-invariant, then f [G] is a fuzzy right- 
topological semigroup in Y. 
Proof From Rosenfeld [4], f [G] . IS a fuzzy semigroup. We must show 
that the mapping pt: Y -, yt from (f CGI, *fcGI) -+ (f CGI, ++,,,I is 
relatively fuzzy continuous. 
Note that f is relatively fuzzy open; for if u’ E &, there exists UE 9 
such that u’ = U n G and by the f-invariance of Pi, 
f Cu’l =f CU nfCG1 E%CG,. 
Let v’ be an open fuzzy set in %j.rc,. Since f is onto, for each t E Y there 
exists s E X such that t = f (s). Hence, 
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By hypothesis, p,: x --+ xs is a relatively fuzzy continuous map; 
(G, &) + (G, &) and f is a relatively fuzzy continuous map: (G, &) -+ 
(f[G], afCGI). Hence, f-‘[P,-‘[ V’])nf[G]] =fe~‘[p,yl[ L”]] n G is 
open in ??&. Sincefis relatively fuzzy open, (f)(f-‘)[p,-‘[ V’]] nf[G] = 
p,-‘[ V’] nf[G] is open in 9ZfcG3. 
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